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One encounters many similarities in the study of Henselian fields and 
Henselian local rings. Several results in Henselian local rings and in Henselian 
couples are analogous to those in Henselian fields (see for instance [17]). 
The purpose of this paper is to establish two more such similarities, by 
proving two results that relate a Hensel couple with its completion. 
Our first result (Theorem 1 in Section 2) asserts that if (A, a) is a Hensel 
couple where A is Hausdorf? in the a-adic topology, then A is separably closed 
in A, the a-completion of A. This is similar to a classical result due to 
Ostrowski, on Henselian fields (see Theorem A in Section 1). Our second result 
(Theorem 3 in Section 4) asserts that, if (A, a) is a Hensel couple where A 
satisfies some conditions, then A is an integral domain and A is algebraically 
closed in A. This is somewhat similar to the previous result, and generalizes 
a theorem due to Nagata (see Theorem B in Section 1) on Henselian local 
rings. 
To prove Theorem 3, we need several results on integral closure, which we 
prove in Section 3. 
The paper ends with an application to the Henselization of a ring with 
respect to an ideal (Section 5). 
In this paper “ring” means “commutative ring with identity.” 
* This research was supported by CNR. 
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1. REVIEW OF DEFINITIONS AND KNOWN RESULTS 
We recall the definition of a Henselian field and a Henselian couple, and 
state the theorems of Ostrowski and Nagata mentioned before. 
We start with the definition of Henselian field. 
DEFINITION 1. Let (K, V) be a field with a valuation. A field (K*, v*) is a 
Henselixation of (K, V) if the following conditions are verified: 
(i) K* is an algebraic extension of K and U* is a prolongation of V. 
(ii) IfL is any algebraic extension of K*, then D* has a unique prolonga- 
tion to L. 
(iii) If (K’, u’) is any other valuated field satisfying (i) and (ii) above, 
then there exists a K-isomorphism v of K* into K’ such that w’ o p) = v*. It 
can be shown that if we are given a field with a valuation, there exists a 
Henselization of it. Further, the Henselization is unique up to K-isomorphism. 
We call a field with a valuation (K, v) Henselian if it coincides with its 
Henselization. The result of Ostrowski is the following. 
THEOREM A. If (K, v) is a Henselian jield, and $ is the completion of K 
with respect to the topology induced by the valuation v, then K is separably 
closed in l?. Conversely, if (K, v) is a j?eld with a rank 1 valuation and K is 
separably closed in &?, then (K, v) is Henselian. 
In the above result, the restriction on the rank in the converse statement 
can be removed if we use a different notion of completion. We shall not pause 
to examine this problem in this note. We refer the reader to [15, 171 for 
details. 
The proof of the above result is based on the following lemma due to 
Krasner, namely, if (K, V) is a Henselian field and (K, , v,) is the separable 
closure of K in some algebraic closure K of K and v, is the unique prolonga- 
tion of ZI to K, and if X, y are two elements of K, such that o,(x - y) > (Y, 
where’ a! = Max{v,(a(x) - x), where a is any K-automorphism of K, and 
a(x) # X} then K(x) C K(y). 
Next, we shall state the result of Nagata. For this, we recall the definitions 
of a Henselian local ring, and of a pseudogeometric ring. 
DEFINITION 2. Let A be a commutative local ring with identity and let m 
be its unique maximal ideal. We say that A is Henselian if the following holds: 
If f(x) is a manic polynomial with coefficients from A and the polynomial 
f(x) of A/m[x] obtained by reducing modulo nt the coefficients off(x), splits 
into manic relatively prime polynomials F,,(X) and h,,(x), then there exists a 
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unique pair of manic polynomials g(x) and h(x) in A[x] such that f(x) = 
g(4 - W, g&> = &(4, and 44 = hE,( x ; moreover f and g are relatively > 
prime. 
In the above definition, two elements are said to be relatively prime if they 
generate the unit ideal. Given a ring A and an ideal a in it, we define (A, a) 
a Henselian couple if the condition in the above definition holds with this 
modification, namely, j(x) denotes the polynomial of &[x] obtained by 
reducing f (x) modulo a. (The notion of local Henselian ring was introduced 
by Azumaya and developed by Nagata. Henselian couples have been intro- 
duced by Lafon [ll]. The interested reader can see [7] for a review of the 
subject and a bibliography.) 
It is clear that a local ring A with maximal ideal m is Henselian if and only 
if (A, m) is a Hensel couple. Moreover, it can be shown that a valued field is 
Henselian if and only if its valuation ring is Henselian (see [15-J). 
DEFINITION 3. Let R be an integral domain with K as its quotient 
field. We say R is Japanese (N - 2 in [12]) if the integral closure of R in any 
finite extension of the field K is a finite R-module. A ring A is said to be 
pseudogeometric (Nagata in [12]) if for each prime p of A, A/p is Japanese. 
(For further information see [9, 10, 12, 14, 16, 181.) Nagata’s result is the 
following (see [14, 44.11). 
THEOREM B. Let A be a noetherian, henselian and pseudogeometric local 
ring, and assume that its completion A  ^ is normal. Let B be a jinite local over- 
domain of A. Then the completion B of B is a domain, and B is algebraically 
closed in 8. 
(According to EGA a ring is said to be normal if its localizations at the 
maximal ideals are integrally closed domains.) 
It is easy to see that if A = B we have also the following. 
The quotient field of A is algebraically closed in the quotient jield of A. 
Thus, we see that there is a strict relation between Theorems A and B. The 
connection becomes more apparent if we consider a discrete valuation ring in 
Theorem B (and a discrete valued field in Theorem A). (Other results on the 
line of Theorems A and B can be found in [ll, Theorem 4; 6, Theorem 11.) 
2. SEPARABLE CLOSURE OF A HENSEL COUPLE IN ITS COMPLETION 
This section deals with the first main result of this paper. We begin by 
recalling some preliminaires on separable algebras. For more details, see [2]. 
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DEFINITION 4. Let A be a ring, let B be an A-algebra (not necessarily 
commutative). If Be denotes the enveloping algebra B @A B” of B, then B 
can be viewed as a left Be-module. We say that B is a separable A-algebra if B 
is a projective left Be-module. 
In the above definition, B” denotes the opposite algebra of B and the left 
Be-module action is given by (a @ b) . c = a . c . b for all c in B. 
This notion of separability agrees with the concept of separable Algebras 
over fields [2, Theorem 2.q, which in turn agrees with the concept of separable 
finite field extension. 
Let A be a commutative ring with identity and let f(X) be a manic poly- 
nomial over A. Then, we say that f (X) is a sepurablepolynomiul over A if the 
algebra A[Xj/(f (X)) is a separable A-algebra. 
Let A and B be two rings with A commutative and contained in the center 
of B. Then, an element b in B is said to be separable over A if b is a zero of 
a separable polynomial over A. Finally, we say that A is separably closed in B 
if every element of B that is separable over A already belongs to A (when A 
and B are fields, this agrees with the field theoretical definition). 
THEOREM 1. Let (A, a) be a Henseliun couple. Assume that A is connected. 
(That is, A has no nontrivial idempotents. This is equivalent to: spec (A) is a 
connected topological space.) Also assume that A is HausdorfJ in the a-udic 
topology. Let A- be the a-udic completion of A. Then, A is separably closed in A-. 
(That is, A has no nontrivial idempotents. This is equivalent to spec(A) 
is a connected topological space.) 
To prove Theorem 1, we need a lemma. 
LEMMA 1. Let A be a ring, let a be an ideal of A, and let A  ^ be the a-adic 
completion of A. Then, we have: 
(a) (a, 6) is a Hensel couple. 
(b) I f  (A, a) is a Hensel couple and A is Huusdorfl in the a-adic topology, 
all the idempotents of A- are contained in A. In particular, A is connected if and 
only ;f  A- is connected. 
Proof ofLemma 1. The ideal i? is closed in A and its elements are topolo- 
gically nilpotent [8, Corollary 2.181. Thus, (a) follows by the general Hensel 
lemma given in Bourbaki [I, p. 84, Theorem 11. To prove (b), recall that if 
(B, b) is a Hensel couple, then every idempotent of B/b is the image of a 
unique idempotent of B [3, Proposition 1.q. The conclusion follows from 
(a) and the canonical isomorphism A/a = A/Is. 
Proof of Theorem 1. Let b be an element of A that is separable over A. 
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Let B = A[b]. Then, we have: A C B C A (since A is Hausdortf in the 
a-topology), whence we get the commutative diagram: 
A/a ------+ BIaB 
Since b is a separable element over B, there is a (manic) separable polynomial 
f(X) E A[XJ such that f(b) = 0. It follows that B, being a quotient ring of 
A[a/(f(X)), is a separable A-algebra [2, Chap. II, Proposition 1.111. 
Therefore, B/aB is a separable A/a-algebra [2, Chap. II, Corollary 1.71. Then, 
by the above diagram, there is a unique idempotent CE B/aB such that 
~(5) = 1, and v(c)e = ce (identify A/a to a subring of B/aB) for all c E B/aB 
(see [2, Chap III, Lemma 1.51). S ince B is finite and hence integral over A, 
we have that % is the image of a unique idempotent e E B [3, Theorem 4.61. 
But since A is connected, A is connected by Lemma 1, and thus, B is con- 
nected too. Then, E must be either 1 or 0, and it is easy to see that the only 
possibility is E? = 1. It follows that c = v(c) for all c E B/aB, which implies: 
A/a = B/aB, hence, A = B by Nakayama’s lemma. Thus, b E A, and we are 
done. 
Remark 1. With the same proof, we have that every separable (in 
particular &ale) finite A-algebra contained in A coincides with A. We also 
can prove, with the same technique, the following 
THEOREM 1’. Let y: (A, a) -+ (B, b) be a strict injective homomorphism of 
couplesl. If (A, a) is a Hensel couple and B is connected, then A is separably 
closed in B. 
(Note that if A is connected and (B, b) is Hensel, then B is connected: 
same proof as in Lemma 1.) 
Theorem 1’ can be applied when (B, 6) is the inductive completion of (A, a) 
(see [ll]). In this case, we have a result that is similar to [ll, Theorem 41. 
However, we notice that the notions of separability used here and in [ll] are 
probably distinct. 
Remark 2. In Theorem A, we have the following situation: If A is a 
Henselian valuation ring and A is the completion of A (with respect to the 
topology induced by the valuation), then the field of fractions of A is separably 
closed in the field of fractions of A. 
1 That is q is a ring homomorphism such that y(a) C b and the induced homo- 
morphism A/a -+ B/b is an isomorphism, see [7]. 
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When A is discrete, A is just the completion of A as a local ring. This 
raises the following question: In the situation of Theorem 1, assume that ,!I 
and a are domains. Then, is the field of fractions of A separably closed in the 
field of fractions of a ? 
We do not know whether our Theorem 1 can provide an answer to this 
question. The first trouble one encounters is that if A C B are domains with 
quotient fields K and L, respectively, it may happen that an element x E B is 
separable over K, but not separable over B: Take for example A = k[XJ, 
where k has characteristic 2, and B = A[T]/(f(T)), where f(T) = T2 + 
XT + X. Then, f is separable over K = k(X), but is is not separable over 
A [2, Chap. II, Example 81. Th en, it follows easily that the class of t is not 
separable over A, while it is obviously separable over K. 
We shall see that with some assumptions on A, the field of fractions of A 
is algebraically closed in the quotient field of a (see Theorem 3 in Section 4). 
Remark 3. Probably, Theorem 1 is true also if we allow finitely many 
idempotents in A (e.g., when A is noetherian). 
Remark 4. In view of the second part of Theorem A, it is natural to rise 
the following question: Let A be a ring that is Hausdorff in its a-adic 
topology, and assume that A is separably closed in its completion a. Then, is 
(A, a) a Hensel couple ? We note that if A is integrally closed in d, this is true, 
as follows easily by one of the equivalent conditions that define a Hensel 
couple (see, e.g., [7, Theorem 1, Condition 1; or 4, Theorem 5.111). We 
remark also that a straightforward approach to this problem by using the 
mentioned results in [7] and [4] fails, because an N-polynomial is not neces- 
sarily separable (e.g., take (A, a) = (k[Xj, (X)) andf(T) = T(T - I)” + X). 
3. SOME RESULTS ON INTEGRAL CLOSURE 
We give some results on integral closure that will be useful later. The main 
point is Theorem 2, where conditions are given for the integral closure to 
commute with tensor product (a similar situation is described in [lo, Sect. 141. 
In the following sections we shall need, essentially, Propositions 2 and 3. 
PROPOSITION 1. Let A be a normal noetherian ring, and let Q be the total 
ring of fractions of A. Let B be a noetherian ring and kt I: A -+ B be a flat 
homomorphism with reduced $bers. Then, B is normal ;f and only B mA Q is 
normal. 
(For the theory of fibers see [lo], or [12] ; for a quick review see [8], 
Sect. 12.) 
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Proof. Since B @A Q is a ring of fractions of B, it is clear that if B is 
normal, so is B Ba Q. 
To prove the converse, we shall use the Krull-Serre criterion (see e.g., [12, 
p. 125, Theorem 39]), which asserts that a noetherian ring B is normal if and 
only if the following conditions are verified for any prime ideal ‘p: 
(a) B, is regular if dim BQ < 1; 
(fi) BP has depth at least 2 if dim B?, > 1. 
Then, let ‘$3 be a prime ideal of B, and let p be its contraction to A. Since 
the canonical homomorphism A, --t Bg is flat, we have the following 
formulas (see e.g., [S, Theorem 13.2]), where C = Bs/pBp : 
(1) dim Brp = dim A, + dim C; 
(2) depth BZp = depth A, + depth C. 
If p is a minimal prime of A, then Blp is a localization of B BA Q, and 
hence (a) and (8) are immediate. Assume now that p is not minimal. If 
dim B, = 1, we have by (1): dim C = 0, and since the fibres of p are 
reduced, it is clear that C is then a field. Thus, the maximal ideal of Bv is 
generated by the maximal ideal of A, , which is principal since A, is normal 
of dimension 1 by (1). Hence, Brp is regular, and (u) is true. 
Now, let dim BFO > 2 (and dim A, > 0, as before). Then, a straight- 
forward computation involving (1) and (2) and the normality of A shows 
that (fl) holds. Then, B is normal. 
To prove the main theorem of this section, we need one more definition 
and a lemma. 
DEFINITION 5. Let A be ring. We say that 
(a) A is Mori (N - 1 in [12]) if A is an integral domain and its integral 
closure (in its quotient field K) is a finitely generated A-module. 
(b) A is M, if A/p is Mori for every primep of height n. 
(c) A is strongly Mori if A is n/r, for any n. 
For more information on Mori rings see [16, 181. 
LEMMA 2. Let A be a noetherian reduced ring with Q as its total quotient 
ring. Then, A is MO if and only if the integral closure of A in Q is a finitely 
generated A-module. 
Proof. Suppose A is MO. Then, for every minimal prime ideal pi of A, 
A/pi is a Mori domain. Let us denote A/p, by Ai and its quotient field by Ki . 
Then, the integral closure & of Ai in Ki is a finite A,-module. We know that 
the total quotient ring Q of A is the direct sum of the Kis and from this we 
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can conclude that the integral closure of A in Q is the direct sum of Ai 
and so is a finite A-module. The converse implication is clear. 
THEOREM 2. Let CJI from A to B be a flat homomorphism of (noetheriun) 
rings. Suppose that 
(i) A is an MO reduced ring with Q as its total quotient ring; 
(ii) B Ba Q is a normal ring; 
(iii) The fibers of the induced homomorphism #from A to B’ = A @A B 
are reduced. 
(We denote by an overbar the integral closure of a ring in its total ring of 
fractions.) Then 
(a) B’ is the integral closure of B (in its total ring of fractions); 
(b) B is M,, (thus, B is a Mori domain zfit is a domain). 
Proof. B’ is integral over B, and has the same total ring of fraction as B 
[6, Lemma 11. Thus, it is sufficient to show that B’ is normal. Since A is M,, , 
A is a finite A-module (by Lemma 2) and hence, A and B’ are noetherian. 
Thus, we can apply Proposition 1 to get (a); and (b) follows immediately by 
(a) and Lemma 2. 
Remark 5. Conclusion (a) of the above theorem is similar to [lo, Proposi- 
tion 6.14.41. 
COROLLARY 1. The conclusion of Theorem 1 remains true if we replace 
condition (iii) by 
(iii)’ v is reduced (see [lo, 12, or 81.) 
Proof. By [lo, 6.8.31 we have that (iii)’ implies (iii). 
PROPOSITION 2. Let A be a noetherian ring, let a be an ideal of A, and let A 
be the a-adic completion of A. Assume that 
(i) A is an MO reduced ring with Q as its total quotient ring. 
(ii) A- BA Q is normal. 
(iii) The canonical homomorphism 4 from A to d has reduced fibers. 
Then we have: 
(a) If A is normul, then A^  is normal. 
(b) If A is normal, then A^  is a normal domain if and only tf Ala is 
connected. 
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(c) 2 is the integral closure of A  ^ (i.e., 2 = A). 
(d) A is a domain ;f and only if g/d is connected. 
Proof. First of all, observe that A -+ A is a flat homomorphism and 
d = a Ba a. Hence, (a) and (c) follows immediately from Theorem 2. 
Conclusion (b) is a consequence of [8, Theorem 16.51 and (a). From (b) we 
have that 2 is a normal domain if and only if &as is connected. Therefore, 
(d) follows from (c). 
PROPOSITION 3. Let (A, a) be a Hensel couple where A satisfies conditions 
(i)-(iii) of Proposition 2. Then, a is a domain (resp. is a normal domain) if and 
only if A is a domain (resp. a normal domain). 
Proof. Since (A, a) is Hensel we have a C rad A [ll, Proposition l] and 
hence, A CA and A^  is faithfully flat over A. Then, if d is a domain, A is 
clearly a domain, and if ais normal, then A is normal (e.g., [8, Corollary 15.41). 
Assume now that A is a domain. To prove that A^  is a domain, it is sufficient 
to show that A/aA is connected (condition (d) of Proposition 2). But since 
(A, a) is Hensel and A is integral over A, we have that any idempotent of 
J/ax is the image of an idempotent of 2 [3, Theorem 4.61, and since 2 is 
a domain we are done. 
Finally if A is normal, then a is normal by Proposition 2. 
Remark 5. The conclusions of Propositions 2 and 3 remain true if we 
replace condition (iii) by any of the following: 
(iii.a) A is pseudogeometric (Definition 3). 
(iii.b) A, is pseudogeometric for any maximal ideal m containing a. 
(iii.c) The formal fibers of A,,, are geometrically reduced for any 
maximal ideal m containing a. 
(iii.d) The canonical homomorphism from A to A^  is reduced. 
(iike) A is strongly Mori (Definition 5). 
(iii.f) A,,, is strongly Mori for any maximal ideal m of 2 containing ad 
(iii.g) The formal fibers of &, are reduced for any maximal ideal m 
containing aA. 
This is an immediate consequence of the following implications: (iii.a) * 
(iii.b) o (iii.c) 3 (iii.d) z- (iii) ([lo, 7.6.4; 8, Proposition 12.9; 10, 7.3.7]), 
(iii.c) + (iii.f) o (iii.g) =+ (iii) ([lo, 7.6.7(ii)); 8, Proposition 12.91). 
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4. ALGEBRAIC CLOSEDNESS OF A HENSEL COUPLE IN ITS COMPLETION 
Now we can give the following generalization of Theorem B: 
THEOREM 3. Let A C B be two noetherian domains with quotientfields K and 
L, respectively, and assume B is aJinite A-module. Let a be an ideal of A such 
that (A, a) is a Hensel couple, and let A ,^ B be the a-adic completions of A and B. 
Suppose further that the following conditions are verified: 
(i) A is Tori; 
(ii) d aa K is normal; 
(iii) The canonical homomorphism A ---f A- is reduced. 
Then we have 
(a) 2 is a domain, 
(b) B is algebraically closed in 8, and 
(c) If L is separable over K, then L is algebraically closed in the quotient 
Jield L of 8, and z is separable over L. 
Proof. To prove (a) we shall first assume that L is separable over K and use 
Proposition 3. First, we have that (B, aB) is a Hensel couple, since B is 
integral over A [3, Theorem 4.61. Thus, we have to show that B verifies 
conditions (i)-(iii) of Proposition 3. Since L is separable over K and A is Mori, 
it is clear that B (which is equal to the integral closure of A in L) is finite 
over 2 and hence, over B. Thus, B is Mori. 
Secondly, we have: 
and since L is separable over K, we have that B @s L is normal [ 10, 6.14.21. 
Finally, the canonical homomorphism B -+ fi has reduced fibers since B is 
finite over A, and A -+ A^  is reduced [8, Proposition 12.9; 10, 6.8.31. Thus, B 
is a domain by Proposition 3 in this case. 
Assume now that L is not separable over K, and let F be the separable 
closure of K in L. Let C = L n F. Then, C is finite over A, and hence, C is 
a domain by the above argument. Let $’ be the quotient field of &. By (iii), 
it follows that the canonical homomorphism F -+ &’ is reduced, which implies 
that L OFF is reduced. Since L is purely inseparable over F, it follows then 
then that L oFP is a domain [19, p. 198, Corollary 21. Thus, 8, being a 
subring of L @,@, is a domain. Thus, (a) is proved in general. 
We shall prove (b). Suppose x E B is algebraic over B. Then, we can find 
an element s in B such that y = s . x is integral over B. Since K n & = B, 
it is sufficient to show that y is in B. Let C = B[y] and let v from &’ = C &, B 
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to B be the homomorphism induced by multiplication. If we show that v 
is injective we are done, since it follows easily that the canonical embedding 
B -+ C is then an isomorphism, hence BIaB = C/aC, and the conclusion 
follows by Nakayama’s lemma. Then, let z be an element in Ker v. Since & 
is integral over 8, there is a minimal integer n such that 
where b, ,..., b,-, belong to 8. It follows then that ~(b, @ 1) = 0, hence 
b, = 0 since B is a subring of C, and q restricted to B is the canonical 
embedding. Then, we have z(b, + *** + z?-l) = 0 in B, which implies 
z = 0 since 8 is a domain by (a) and n is minimal. Thus, (b) is proved. 
Now, let x EL be algebraic over L. As L is assumed to be separable over 
K, B G&L is normal as in the proof of (a), and has f: as its quotient field. 
Then x, being integral over L, is also integral over B Be L and hence, it 
belongs to B @L. Then, x = b/s, where b E 2 and s E B. Then, by (b), we 
have easily that x EL. This shows that L is algebraically closed in L,. The last 
assertion has been proved in (a). 
Remark 7. In [6], it is proved that if (A, a) is a Hensel couple such 
that the canonical homomorphism A -+ A is normal, and A is a noetherian 
domain, then conclusions (a)-(c) of the above theorem hold for A. Thus, 
Theorem 3 is a partial generalization of this result. We do not know whether 
there are further generalizations (e.g., drop Hypothesis (i)). 
COROLLARY 2. Let (A, a) be a Hensel couple. Suppose a is normal and A is 
a locally pseudogeometric and noetherian domain. Then, the conclusions of 
Theorem 3 hold. 
Proof. If a is normal A is normal since a C rad A. Moreover, a Ba K is 
normal, since it is a ring of fractions of A. Finally, since A is locally pseudo- 
geometric, the canonical homomorphism A -+ A is reduced (see Remark 5); 
the conclusion follows then by Theorem 3. 
Remark 8. If in the above corollary, A is an analytically normal Henselian 
and pseudogeometric local ring, we have Nagata’s theorem mentioned in 
Section 1 (Theorem B). 
COROLLARY 3. Let (A, a) be a Hensel couple, and assume that A is a 
regular domain. Then, the conclusions of Theorem 3 are true. 
Proof. In this case, A^  is regular [8, Theorem 8.31 and hence, normal. The 
result in then a consequence of Corollary 2. 
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5. HENSELIZATION AND ALGEBRAIC CLOSURE 
We apply the results of the previous section to the Henselization of a 
couple. Recall first that given any couple (A, a) there is a Hensel couple 
(B, 6) together with a morphism (A, a) +- (B, b) that is universal with 
respect to morphisms of couples. This couple (II, 6) is called Henselization 
of (A, a). Compare with the Henselization of a valued field (Definition 1). 
For more details see [4, 7, 111. 
We begin this section by a remark on the Henselization of rings (Defini- 
tion 5). 
PROPOSITION 4. Let A be a noetherian ring and let a be an ideal of A. 
Suppose A* is the Henselization of A with respect to the ideal a. Then, we have 
(a) IfAisMo, thensoisA*. 
(b) I f  A is M, , then so is A*. 
(c) If  A is strongly Mori, then A* is also strongly Mori. 
Proof. By [6, Corollary 5.71, the canonical homomorphism A to A* is 
regular. Now (a) follows from Theorem 3(c) and Corollary 1. Moreover if 
‘$ is a prime ideal of A* and p = ‘p n A, then we have ht(p) = ht@) 
[6, Corollary 3.13, Theorem 5.61. Further, A*/pA* is the Henselization of 
A/p with respect to (a + p)/p [4]. Now, ‘$/p . A* is a minimal prime ideal of 
A*/p * A*. Thus, (b) follows from (a), and (c) is an immediate consequence 
of(b). Therefore, the proof is complete. 
LEMMA 3. Let A be a domain with K as its quotient field, let A* be the 
Henselization of A with respect to the ideal a, and let a be the a-adic completion 
of A. Further, let Q denote the total quotient ring of A*. Then, A- aA Q = 
A@, K. 
Proof. From [6, Theorems 3.7 and 5.61, we have Q = A* Ba K. Now, 
the conclusion of the above lemma is clear. 
LEMMA 4. Let (A, a) be a couple, let A* be the Henselization of A with 
respect to a, and let A- be the a-adic completion of A. Then, the map A --+ A* is 
reduced sf and only if A * -+ d is reduced. 
Proof. Suppose the map A + A* is reduced. Let ‘@ be in Spec(A*) and let p 
be its contraction to A. Then, A* BA R(‘@) = h(‘&) x (‘$J x *.* x h(!&), 
where !J3, are the prime ideals lying over p [S, Proposition 4.21. It follows 
that a OR K(‘@) is a direct summand of A @,, k(p). Thus, the mapping from 
A* to A is also reduced since K(Cp) is algebraic separable over k(p). (The 
converse is clear.) 
Now we can state and prove the Main Theorem of this section. 
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THEOREM 4. Let (A, a) be a couple, let C be aJinite integral over-ring of A, 
and let B be the Henselization of C with respect to aC. Assume that 
(i) A is a Mori domain with quotient field K. 
(ii) A^  Ba K is a normal ring. 
(iii) The canonical homomorphism from A to A- is reduced. 
(iv) C/aC is connected. 
Then, we have: 
(a) C is a domain; and 
(b) B is the algebraic closure of C in e. 
Proof. Let A* be the Henselization of A with respect to a. To prove (a), 
we show that A* and B verify the hypothesis of Theorem 3 (recall that 
B = &, see e.g., [4]). First, we have B = A* BA C, and since A* is A-flat 
[4, Theorem 5.101 we have that B is a finite overring of A*. Next, we have 
that B is a domain by [13, Theorem 2.13(iv)]. Finally we see that by Lemmas 3 
and 4, the remaining Hypothesis of Theorem 3 is verified. Thus, & is a 
domain. Moreover, we have that B is algebraically closed in fi = &. But B 
is algebraic over C, as follows easily by the structure of Henselization [4, 
Theorem 5.101. Thus, (b) is also proved. 
COROLLARY 4. The conclusions of Theorem 4 remain valid if we replace 
condition (ii) by either: (iia) A is normal, OY (iib) A is regular; and/or condition (iii) 
by (iiia) A is locally pseudogeometric. 
Proof. Since d = a*, (where A* is the Henselization of A) we have that 
(iib) rj (iia) Z- (ii). 
Moreover, we have (iiia) 3 (iii) by Corollary 2 and the following: 
LEMMA 5. Let A be a locally pseudogeometric noetherian ring, and let A* 
be the Henselization of A with respect to an ideal a C A. Then, A* is locally 
pseudogeometric. 
Proof. Let m be a maximal ideal of A* and let m be the contraction of m 
to A. Then, m is a maximal ideal and the local rings A, and A,* have the 
same Henselization. The conclusion follows, since a local ring is pseudo- 
geometric if and only if its Henselization is pseudogeometric [14,44.2]. 
Remark 9. If we compare Theorems A, 1, 3, and 4, the following 
question arises naturally: Let (A, a) be a couple. It is true that the Henseliza- 
tion of A with respect to A is the “separable closure” of A in A? 
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The first problem is to give a reasonable meaning to separable closure. 
We have at least two possibilities: 
(a) Take the subring of a generated by A and all elements that are 
separable over A. 
(b) Assume A is a domain and take the intersection a n F, where F is 
the separable closure of the field of fractions of A in the field of fractions of A. 
We note that definition (b) is used by Lafon in [I 1, Theorem 41; as to 
definition (a), as far as we know, it is not yet in the literature, and it is not 
clear to us whether it will be a good definition. 
REFERENCES 
1. N. BOURBAKI, “Commutative Algebra,” Chap. 3. Hermann, Paris 1961. 
2. D. DE MEYER AND I. INGRAM, Separable algebras over commutative rings, in 
“Lecture Notes in Math.” 181, Springer-Verlag, New York, 1971. 
3. S. GRECO, Algebras over nonlocal Hensel rings, J. Algebra 8 (1968), 45-59. 
4. S. GRECO, Henselization of a ring with respect to an ideal, Trans. Amer. Math. 
Sot. 144 (1969), 43-65. 
5. S. GRECO, Sugli omomorfismi piatti e non ramificati, Le Mutemutiche 24 (1969), 
392-415. 
6. S. GRECO, Una generalizzazione de1 lemma di Hensel, Sym. Mat. 8 (1972), 
379-415. 
7. S. GRECO, Anelli Henseliani, in “Categories and Commutative Algebra,” 
Cremonese, Rome, 1973. 
8. S. GRECO AND P. SALMON, “Topics in 8X-adic Topologies,” Ergebnisse der Mathe- 
matik, Band 58, Springer-Verlag, 1971. 
9. A. GROTHFNDIECK AND J. DIEUDONN~, “Elements de GComCtrie Algebrique,” 
Chap. 4, p. 1. Publ. Math. 20, IHES, 1960.. 
10. A. GROTHENDIECK AND J .DIEUDONN& “Elements de Geometric Algebrique,” 
Chap. 4, p. 2. Publ. Math. 24, IHES, 1964. 
11. J. P. LAFON, Anneaux Hen&liens, Bull. Sot. Muth. France 91 (1963), 77-107. 
12. H. MATSUMURA, “Commutative Algebra,” Benjamin, New York, 1970. 
13. F. MORA, Permanenza di proprieta nella Henselizzazione degli anelli non noetheri- 
ani, Rend. Sem. Mat. Univ. Padova 49 (1973), 137-156. 
14. M. NAGATA, “Local Rings,” Interscience, New York, 1962. 
15. P. RIBENBOIM, “Theorie des Valuations,” Univ. de Montreal, 1964. 
16. N. SANKABAN, Finiteness of integral closure in commutative rings, Publ. 1st. 
Mat. Univ. Genova II, Ser. 69, 1973. 
17. N. S~KARAN, Henselian rings and Henselian fields, in preparation. 
18. H. SEYDI, Anneaux Japonaises, Seminaire de Algebre, Univ. de Rennes, 1971. 
19. 0. ZARISKI AND P. SAMUEL, “Commutative Algebra,” Van Nostrand, New York, 
1958. 
